In all 2d theories of gravity a conservation law connects the (spacetime dependent) mass aspect function at all times and all radii with an integral of the matter fields. It depends on an arbitrary constant which may be interpreted as determining the initial value together with the initial values for the matter field. We discuss this for spherically reduced Einstein-gravity in a diagonal metric and in a Bondi-Sachs metric using the first order formulation of spherically reduced gravity, which allows easy and direct fixations of any type of gauge. The relation of our conserved quantity to the ADM and Bondi mass is investigated. Further possible applications (ideal fluid, black holes in higher dimensions or AdS spacetimes etc.) are straightforward generalizations.
Introduction
The treatment of two-dimensional models of gravity is simpler and more transparent in terms of a light-cone gauge for the Cartan variables, or, equivalently, in Eddington-Finkelstein (EF) gauge for the 2d metric [1] , especially when these approaches are combined with the first order formulation [2, 3, 4, 5, 6] .
Of course using traditional approaches -e.g. performing the calculations in conformal gauge [7, 8] -one must be able to obtain the same results. In practice, however, the resulting equations of motion are rather complicated. Therefore, it is not surprising that also a complete discussion of the global solution of such models has turned out to be easier in the EF gauge [9] than in the corresponding previous studies of the conformal gauge [10] for the model of Katanaev and Volovich [11] . Based upon the use of the EF metric in a first order formulation also substantial progress has been achieved in the meantime regarding the quantum theory of such models [12] .
The purpose of our present note is to draw attention to one particular aspect of the first order approach to spherically reduced gravity, namely the existence of an absolute (space and time) conservation law connecting the effective (space-time) dependent mass aspect function with the interacting matter fields [5, 13] . This conservation law generalizes some previously known special cases, like e.g. the case without matter [14] and the one with nondynamical matter [15] . The differential equations describing spherically symmetric Einstein gravity interacting with matter are known for a long time. Many recent extensive numerical simulations of black hole formation [16, 17] have brought important insight regarding critical phenomena related to a collapsing gravitating system. However, deriving the differential equations directly from the 4d Einstein equation obscures the appearance of the conservation law mentioned above. This is probably the reason why -to the best of our knowledge -it has not been noted and employed in this context before. The underlying Noether symmetry -which will not be the issue of this paper -has been investigated in [13] .
For the reader who is not too familiar with the description of spherically reduced Einstein gravity by an equivalent first order action with torsion in terms of Cartan variables we recapitulate the action and the equations of motion in Section II.
In Section III we fix the gauge so as to produce a diagonal 2d metric. Then the equations used in some recent BH simulations [18] are reproduced.
For easier comparison our notations have been adapted to the ones in that reference. We then derive the conservation law in this gauge.
Section IV is devoted to a EF gauge which, in our formulation, provides a very similar system of equations. This gauge, which in the non-static case is also known as (ingoing) Bondi-Sachs (BS) gauge -c.f. e.g. [19] , seems to be especially adequate for computations involving both sides of the horizon, because it avoids the coordinate singularity, which could possibly present problems in the diagonal gauge. Our system of equations in that gauge resembles closely the one in the diagonal gauge and seems to be remarkably simple in comparison with the one used in earlier numerical work with BS gauge fixation [20] . Of course the mathematical content of both approaches is identical. Therefore, it must be possible to eliminate the extrinsic curvature appearing in [20] . An explicit example of such an elimination in a derivation of the spherically reduced action equation (2) below has been given in the appendix of the second reference of [21] . Finally a simple relationship between the integrated mass-aspect function, the conservation law, the Bondi mass (at I − ) and the ADM mass is established.
In the conclusions we list further applications where the same arguments can be applied with equal ease.
First order formulation of spherically reduced gravity
In terms of the spherically symmetric ansatz for the line element (g µν = g µν (x) = g µν (t, r) with the dilaton field defined by φ(x))
after integrating out the angular variables d 2 Ω of S 2 , the Einstein-Hilbert Lagrangian in 4 dimensions with Newton constant G = 1 reduces to [21] a dilaton theory in d = 2:
In a similar way the Lagrangian describing minimally coupled scalars S in d = 4 becomes
Expressions like (∇S) 2 = g µν (∂ µ S) (∂ ν S) involve the 2d metric in (1) . Introducing a new variable
for the dilaton field, the Lagrangian (3) can be verified to be equivalent to the first order action of a 2d theory with nonvanishing torsion 1 [22]
for spherically reduced gravity with the covariant derivative D ∧ e ± = d ∧ e ± ± ω ∧ e ± . Equation (5) is expressed in terms of Cartan variables, the zweibeine e a and the spin connection ω ab = ωε ab . ε µν represents the antisymmetric Levi-Civitá symbol (ε 01 = −ε 01 = 1). In the local Lorentz light-cone coordinates (a = (−, +)) η ab = η ab = 0 1 1 0
the relation to the 2d metric is
and the 2d curvature scalar becomes
where ω µ denotes the spin-connection for vanishing torsion (i.e. when the term involving X ± in (5) were absent). The equivalence of (2) with (5), using (8) and (4) can be checked easily. The algebraic equations of motion for ω 0 and ω 1 from the variation with respect to X ± are reinserted into (5) , then X ± can be eliminated in a similar manner.
Now also (3) should be expressed by Cartan variables. From the identity
in terms of the abbreviations
equation (3) becomes:
The equations of motion (e.o.m.) for the sum of the geometric Lagrangian (5) and the matter Lagrangian (12) are
using the left-derivative.
In the system of equations (13)-(17) the 2d gauge fixing is still free. This is one of the advantages of the approach starting from a spherically reduced action. The gauge symmetry of (5) and (12) consists of two diffeomorphisms and one local Lorentz transformation G = Diff 2 × SO(1, 1). Thus the equations are not independent.
In this first order formulation the absolute conservation law is obtained easily [5] . Combining
where eq. (14) ± is the e.o.m. from δe ∓ , we obtain with an integrating factor
(which simplifies to I(X) = X − 1 2 in the case of spherically reduced gravity)
with
The integrability condition dW (m) = 0 can be verified to be a consequence of the e.o.m. (13)-(16) [13] , but it also follows trivially from the definition (20) . Therefore, with W (m) = dC (m) the conservation law reads
For the case of spherically reduced gravity we obtain in components
where
In the absence of matter (W (m) = 0) the quantity C (g) < 0 is proportional to the mass of the black hole; in the presence of matter it becomes the mass aspect function (see below).
Diagonal gauge
The choice of the gauge for g µν in (1) with equation (4) (cf. ref. [18] ; we use as in (1) the opposite convention for the sign of (ds) 2 )
for the zweibeine e ± µ yields the conditions
In the gauge (26), (27) equation (17) is simply solved by
Taking the sum and the difference of equations (16) the algebraic relations for the spinor connection ω µ are obtained:
For easier comparison with the equations of motion in ref. [18] the same abbreviations
are introduced. From (17) immediately the matter equations ( (5) and (6) of ref. [18] ) are reproduced:
The "Hamiltonian constraint" (equation (8) of ref. [18] ) follows from the sum of the equations (14) for the component µ = 1:
Comparing this with the difference of the zero components of the same two equations results in the "slicing condition" of ref. [18] 
All other combinations of equations (14)- (15) are found to yield dependent equations except the zero component of the sum of equations (14)
which, as will be seen below, in a certain sense contains further information.
Having verified that the basic equations (32)-(35) are identical to the ones following from the 4d Einstein equations 2 in we turn to the absolute conservation law (23) . In the gauge (26), (27) its geometric part becomes
which in terms of a variable mass parameter m(t, r), the so-called mass aspect function [18] a
i.e. in the absence of matter C (g) is proportional to the mass of the (Schwarzschild) black hole. The matter contribution to (23) in the present gauge with (31) becomes
With (39) and the abbreviations [18]
the conservation law (23) can be brought into a very simple form:
Clearly in the present gauge these equations are nothing else but the equations of motion (34) and (36). Therefore in this particular case the whole formalism leading to (23) seems to be superfluous. However, as emphasized already above, the power of that approach becomes evident in other gauges, e.g. when the dilaton field X = X(t, r) is not included among the gauge fixed quantities.
The integral of (43) and (44) can be written in two ways. Starting with the time integral of (43) and then using (44) with the integrability condition for the r.h.s. of these two equations yields
which determines m for arbitrary t, r from boundary values r 0 and t 0 and from the dynamical evolution of the scalar fields. The overall conserved value is represented by the constant m 0 which labels a certain solution much like the total energy in an ordinary conservative mechanical system. An equivalent formulation of the integral (45) is
Equation (45) can be transformed directly into (46) by the use of the integrability condition for the r.h.s. of (43) and (44). It can be seen from (45) or (46) that equation (43), which is the same as (34), contains new information. Only the integrability condition involving its r.h.s. depends on the minimal set of equations. The new information is the one leading to the conserved quantity m 0 .
It is instructive to extract the usual ADM mass [25] from (45). In the limit r → ∞ for a system with an asymptotic Killing field ∂ ∂t the ADM mass follows from (45)
since ∂m ∂t = 0 requires vanishing A(t, ∞). In (47) the lower limit of the integral has been changed with a simultaneous redefinition of m 0 .
With the asymptotic spherical wave solutions in A (u = t−r, v = t+r, a → 1, α → 1)
from (31), (42), (43) and (44) the mass aspect function in the limit r → ∞ becomes
to be interpretated as the total effective mass of the (eventual) black hole. It consists of the usual ADM mass minus the difference of total outgoing and ingoing fluxes of matter at a certain time t. It is remarkable that a time dependent Bondi-like mass appears without having used the (for this purpose traditional) BS-gauge (see below). If in-or outgoing matter fluxes exist it is neccessary to use the effective black hole mass m ef f BH as a measure for black hole formation rather than m ADM alone [16] .
Bondi-Sachs gauge
The advantage of the (ingoing) Eddington-Finkelstein gauge for the 2d metric g µν in (1), defined either by (x 0 = v, x 1 = r)
or by
and
is its regular behavior at the event horizon. The Killing norm (e)h for the Schwarzschild black hole has a simple zero. For this reason this gauge has been used also previously within studies of black hole formation (e.g. [20] , [26] ). In the presence of matter (e) and h are functions of r and v (ingoing BS gauge). In the first order approach in equations (13)-(17) now the gauge is fixed by (51) and (27) . Again (14) determines
and as in the diagonal gauge the equations (16) define the spin connection:
From (14) for µ = 1 with (54) the BS-analogue of the "slicing condition" (35) of the diagonal gauge is obtained:
It also does not involve derivatives ∂ 0 and is even simpler than in the diagonal gauge. The "Hamiltonian constraint"
is a consequence of (14) with µ = 1 and (54). In a similar way the analogue of equation (36)
follows with the definitionŝ
The e.o.m. (17) for the scalar field in terms of (58) and (59) become
The geometric part of the conserved quantity (24) with (53) yields
which by comparison with the result (39) allows the introduction of a mass aspect functionm(v, r). Evaluating W 0 and W 1 in (25) the absolute conservation law form reads
upon which a similar argument for an integrated mass-function as the one from (43) The simple set of equations (55) and (56) should be compared with the equations to be used when the extrinsic curvature has not been eliminated [20] . This explains the difficulty to pinpoint in that work the conservation law (63) and (64) and its ensuing integrated form as in (45) and (46).
Conclusions and Outlook
We emphasize the usefulness of a first order formulation of spherically reduced gravity. It allows in a very easy manner to specify particular gauges from a general set of first order differential equations, involving Cartan variables and auxiliary fields, one of which can be identified with the dilaton field.
However, the central point of our argument is that the (in space and time) absolute conservation law, valid for all 2d theories of gravity should be properly taken into account in treatments of selfgravitating matter because it directly produces a time dependent effective black hole mass (49).
It is instructive to compare our result with the one obtained in the seminal work of Mann [15] . There are similarities in the structure of the resulting relations, but also essential differences which allow us to cover a much wider field of applications than Mann's formula is able to do. Whereas kinetic terms from scalars (and also for fermions), to be used in computer simulations as e.g. in [16] , [20] fit perfectly in our generalized version of that conservation law, those physically important cases had to be excluded explicitly in [15] 3 . Apart from that also our conservation law is obtained in a first stage by combining the e.o.m. (13) , (14) for auxiliary variables X, X ± in order to arrive at the relation (20) which only without matter (W (m) = 0) would correspond to the conservation of C (g) which essentially coincides with the ADM-mass. Then, as in [15] by using in addition the "genuine" e.o.m. from the Einstein-Hilbert action with matter (eqs. (15)-(17) in our paper), one can prove the integrability condition 4 dW (m) = 0 and thus a conservation for the sum of C (g) and C (m) . In fact, this "two-stage" structure of the conservation law is reflected in the associated Noether-symmetry [13] . Again a formulation in terms of Cartan variables has turned out to be most illuminating. Whereas in the matterless case the Noether-symmetry reduces to the well-known transformations in the direction of the Killing-field (called δγ in the second reference [13] ), in the presence of matter the integrability condition dW (m) = 0, referred to above, must be interpreted as "another" conservation law for a 1-form "current" W (m) with associated matter-related symmetry parameters (δρ in the second reference [13] ) which are different from the δγ.
In the matterless case there is even a deeper reason for the existence of the conserved quantity: Since the geometric part of the Lagrangian (5) is a special case of a Poisson-σ model [3] , [4] , one can use so-called Casimir-Darboux coordinates in order to derive the (geometric part of the) conservation law (20) . For the reader not so familiar with Poisson-σ models and its ensuing relation to first order gravity we refer to [6] .
In our present paper we discuss the conservation law including matter for the diagonal gauge [16, 18] and for the Bondi-Sachs gauge [19] .
Comparing for the diagonal gauge the equations used for numerical simulations for black hole formation we find that the conservation law is intimately related to a well-known differential equation of the time derivative of the mass aspect function m(t, r) in the diagonal gauge. The conservation law for m = m(t, r) is formulated in terms of an integral over the scalar fields and an additional free constant m 0 which may be interpreted as the initial value of the geometric part of the action. The latter, together with the initial value of the scalar field through (47) determines the solution and is identical with the ADM mass. The mass aspect function at i 0 , eq. (49), represents the effective black hole mass at a certain time t. It depends on the in-and outgoing matter fluxes thus leading to a Bondi-like mass definition already in a diagonal gauge.
In the Bondi-Sachs gauge we obtain a remarkably simple relationship between the Bondi mass, the ADM mass, the conservation law and the mass aspect function, summarized in eqs. (65) and (66). Also, the other e.o.m.'s are much simpler than the ones in some recent literature [20] , since we are able to avoid altogether the introduction of the extrinsic curvature as a dynamical variable.
Numerous further applications of our present approach are obvious: Spherically reduced Einstein-gravity in d > 4 dimensions in the line element (1) only shows a different power of the dilaton field 5
which leads to a replacement of the "potential" V in the geometric part of 5 The factor of (dΩ) 2 has been chosen such that the dilaton field is dimensionless and in the limit lim d→∞ we obtain the CGHS model (c.f. fourth reference of [8] ) for some finite λ of mass dimension one.
the action (5) by
The integrating factor in the conservation law changes from X − 1 2 to
all further steps are exactly as in the case d = 4.
The conservation law (23), of course, also appears when other types of matter are considered. In conformal gauge (cf. e.g. [27] ) for a 2d line element (ds) 2 = 2e 2ρ du dv the proper gauge in (1) is e − u = e + v = 0, e + u = e − v = e ρ . Other gauges may be chosen with equal ease. For instance the area A(t, r) = 8πX/λ 2 of the surface S 2 could be retained as an independent variable, and, say, in g µν the BS gauge could be restricted further by requiring the 2d volume det(e) = 1 as in the Schwarzschild gauge.
So far only spherically reduced Einstein gravity has been considered. The generalization to the Einstein deSitter case is obvious as well. A nonvanishing cosmological constant Λ simply changes the "potential" V to V (d=4)
Then, e.g. in the diagonal gauge of section 3, neither the e.o.m. for (32), (33) for the scalar field, nor the conservation law equations (43), (44) are changed, if the mass aspect function is redefined as
Only the "slicing-condition" (34) acquires an additional term ∂ ∂r ln α a + 1 − a 2 r + Λa 2 r 2 = 0 ,
as well as the "Hamiltonian constraint" (34) ∂ ∂r ln a + a 2 − 1 2r − Λa 2 r 2 = 2πr Φ 2 + Π 2 .
Different types of matter can be discussed either by inserting the appropriate (spherically reduced) matter action or, more directly, from the corresponding (spherically reduced) energy momentum tensor T µν . Then instead of the S-dependent terms the matter interaction in (14) is proportional to (e)ε ρµ T ρσ e ± σ . This would be needed e.g. for the case of a perfect fluid which also has been studied in connection with black hole formation [28] . One of the main advantages of the 2d spherically reduced gravity formulation is the ease by which a transition from one 2d gauge to another is possible and the ease by which the absolute conservation law (23) can be derived. We emphasize once again that the appearance of the latter is peculiar to d = 2 (or to a 2d reduction of a higher dimensional theory).
Finally it should be mentioned that the conservation law in the presence of matter is related to a Noether-symmetry of a somewhat unusual type [13] . This (nonlinear) symmetry so far is known only in infinitesimal form. Possibly further investigations in that direction could also contribute towards the understanding of the intriguing results from numerical studies of spherical black hole formation.
